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Abstract
A total coloring of a graph G is a coloring of all elements of G, i.e., vertices and edges, in such
a way that no two adjacent or incident elements receive the same color. Let L(x) be a set of colors
assigned to each element x of G. Then a list total coloring of G is a total coloring such that each
element x receives a color contained in L(x). The list total coloring problem asks whether G has a
list total coloring. In this paper, we first show that the list total coloring problem is NP-complete even
for series-parallel graphs. We then give a sufficient condition for a series-parallel graph to have a list
total coloring, that is, we prove a theorem that any series-parallel graph G has a list total coloring
if |L(v)|min{5,∆ + 1} for each vertex v and |L(e)|max{5, d(v) + 1, d(w) + 1} for each edge
e = vw, where ∆ is the maximum degree of G and d(v) and d(w) are the degrees of the ends v and
w of e, respectively. The theorem implies that any series-parallel graph G has a total coloring with
∆ + 1 colors if ∆  4. We finally present a linear-time algorithm to find a list total coloring of a
given series-parallel graph G if G satisfies the sufficient condition.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper a graph means a finite “simple” graph without multiple edges and selfloops.
We denote by G = (V ,E) a graph with a vertex set V and an edge set E. We often denote
V by V (G), E by E(G), and V (G) ∪ E(G) by VE(G). An edge joining vertices v and
w is denoted by vw. For each vertex v ∈ V , we denote by d(v,G) or simply d(v) the
degree of v, that is, the number of edges incident to v. We denote by ∆(G) or simply ∆ the
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48 X. Zhou et al. / Journal of Discrete Algorithms 3 (2005) 47–60Fig. 1. (a) A series-parallel graph with lists, and (b) a list total coloring.
maximum degree of G. A graph is series-parallel if it contains no subgraph isomorphic to
a subdivision of a complete graph K4 of four vertices [8,11]. Thus a series-parallel graph is
a “partial 2-tree”, and its “tree-width” is bounded by 2. A series-parallel graph represents
a network obtained by repeating “series connection” and “parallel connection”. The graph
in Fig. 1 is series-parallel.
A total coloring of a graph G is to color all vertices and edges in G so that any two ad-
jacent vertices and any two adjacent edges receive different colors, and any vertex receives
a color different from the colors of all edges incident to it [3,16]. Fig. 1(b) depicts a total
coloring of a graph, where a color is attached to each element. The minimum number of
colors necessary for a total coloring of G is called the total chromatic number of G, and is
denoted by χt (G). Clearly χt (G)∆(G)+1. It is conjectured that χt (G)∆(G)+2 for
any simple graph G. However, this “total coloring conjecture” has not been verified [9,16].
In this paper we deal with a generalized type of a total coloring called a “list total col-
oring”, which has some applications to a scheduling problem such as timetabling, routing
in optical networks, and frequency assignment in cellular networks [10,16]. Suppose that
a set L(x) of colors, called a list of x, is assigned to each element x ∈ VE(G), as illus-
trated in Fig. 1(a). Then a total coloring ϕ of G is called a list total coloring of G for L
if ϕ(x) ∈ L(x) for each element x ∈ VE(G), where ϕ(x) is the color assigned to x by ϕ.
The list total coloring ϕ is simply called an L-total coloring. The coloring in Fig. 1(b) is
indeed an L-total coloring of the graph in Fig. 1(a). An ordinary total coloring is an L-total
coloring for which all lists L(x) are same. Thus an L-total coloring is a generalization of a
total coloring. The list total coloring problem asks whether a graph G has an L-total color-
ing for given G and L. The problem is NP-complete in general, because the ordinary total
coloring problem is NP-complete [13]. The list vertex-coloring problem and the list edge-
coloring problem are similarly defined. The list vertex-coloring problem can be solved in
polynomial time for partial k-trees and hence for series-parallel graphs [7].
In this paper we first show that both the list edge-coloring problem and the list total
coloring problem are NP-complete even for series-parallel graphs or outerplanar graphs.
Thus it is unlikely that there is a polynomial-time algorithm to solve the list total coloring
problem even for series-parallel graphs or outerplanar graphs although the problem can
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be solved for trees in polynomial time. We then obtain a sufficient condition for a series-
parallel graph G to have an L-total coloring. That is, we prove a theorem that a series-
parallel graph G has an L-total coloring if∣∣L(v)∣∣min{5,∆ + 1}
for each vertex v and∣∣L(e)∣∣max{5, d(v) + 1, d(w) + 1}
for each edge e = vw. The theorem implies that the total chromatic number χt (G) of a
series-parallel graph G satisfies
χt (G)
{
∆(G) + 2 if ∆(G) 3,
= ∆(G) + 1 if ∆(G) 4.
We finally present a linear-time algorithm to find an L-total coloring of a given series-
parallel graph if L satisfies the sufficient condition above.
The rest of the paper is organized as follows. Section 2 presents a proof of the
NP-completeness. Section 3 presents a proof of our sufficient condition. Section 4 presents
an algorithm. Finally Section 5 concludes with discussion and an open problem.
2. NP-completeness
The “edge-disjoint paths problem” is one of a few problems which are NP-complete
even for series-parallel graphs [12]. We first show that the list edge-coloring problem is
another example of such problems although the list vertex-coloring problem can solved in
polynomial time for series-parallel graphs [7].
Theorem 1. The list edge-coloring problem is NP-complete for series-parallel graphs.
Proof.1 It suffices to show that the SAT problem can be transformed in polynomial time
to the list edge-coloring problem for a series-parallel graph G. Let f be a formula in
conjunctive normal form with n variables x1, x1, . . . , xn and m clauses C1,C2, . . . ,Cm. For
each variable xi , 1 i  n, we construct a gadget Gxi as illustrated in Fig. 2. Gxi consists
of a path ui1, vi1, ui2, vi2, . . . , uim, vim,ui(m+1) of length 2m, a vertex wi of degree m,
and m − 1 vertices tij , 2  j  m, of degree 1. The lists of edges in Gxi are assigned as
follows:
• for each edge wivij , 1 j m, L(wivij ) = {cij , c′ij };• for each edge uij vij , 1 j m, L(uij vij ) = {a, cij };
• for each edge vijui(j+1), 1 j m, L(vijui(j+1)) = {a, c′ij }; and
• for each edge uij tij , 2 j m, L(witij ) = {c′i(j−1), cij }.
1 We thank Dániel Mark for discussion on the proof.
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Fig. 3. Series-parallel graph G.
Clearly, if the gadget Gxi has a list edge-coloring ϕ, then either ϕ(wivij ) = cij for all j ,
1 j m, or ϕ(wivij ) = c′ij for all j , 1 j m. The color cij for edge wivij corresponds
to xi = False, and the color c′ij for edge wivij corresponds to xi = True. Now a graph G
is constructed as follows (see Fig. 3):
• identify all the vertices wi for the n gadgets Gxi , 1 i  n, as a single vertex w;
• add m new vertices vCj , 1 j m, and m edges wvCj ; and
• let L(vCj w), 1  i  m, be a list ⊆ {c1j , c′1j , c2j , c′2j , . . . , cnj , c′nj } such that cij ∈
L(vCj w) iff the positive literal of xi is in clause Cj and c′ij ∈ L(vCj w) iff the negative
literal of xi is in Cj .
It is clear that G is a series-parallel graph and both the number of vertices in G and the total
number of colors in lists are bounded by a polynomial in n and m, and that f is satisfiable
iff G has a list edge-coloring. 
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A graph is outerplanar if it contains no subgraph isomorphic to a subdivision of a
complete bipartite graph K2,3. We then immediately have the following corollary from
Theorem 1.
Corollary 2.
(a) The list total coloring problem is NP-complete for series-parallel graphs.
(b) Both the list edge-coloring problem and the list total coloring problem are NP-complete
for 2-connected outerplanar graphs.
Proof. (a) The list edge-coloring problem for a graph can be easily transformed in poly-
nomial time to the list total coloring problem for the same graph, in which the list of each
vertex is a set of a single new color.
(b) One can add new edges to the graph G in the proof of Theorem 1 so that the resulting
graph is a 2-connected outerplanar graph; the list of each new edge is a set of a single new
color. 
Trees are series-parallel and outerplanar. The list total coloring problem can be formu-
lated as a particular type of the “cost total coloring problem” mentioned in Section 3 of
Ref. [6], in which the cost of a color c for an element x is infinite if c /∈ L(x). Using a dy-
namic programming approach together with a bipartite matching algorithm, one can solve
the cost total coloring problem for trees in polynomial time [6]. Thus the list total coloring
problem can be solved for trees in polynomial time.
3. Sufficient condition
Although the list edge-coloring problem is NP-complete for series-parallel graphs, sev-
eral sufficient conditions for a series-parallel graph to have a list edge-coloring are known
[4,8,14]. In this section we present a sufficient condition for a series-parallel graph to have
a list total coloring, that is, we prove the following theorem.
Theorem 3. Let G be a series-parallel graph, and let L be a list of G such that
(1)∣∣L(u)∣∣min{5,∆(G) + 1}
for each vertex u ∈ V (G), and
(2)∣∣L(e)∣∣max{5, d(v) + 1, d(w) + 1}
for each edge e = vw ∈ E(G). Then G has an L-total coloring.
An odd cycle Cn, n  3, has no L-total coloring for some list L such that |L(u)| =
∆(Cn) = 2 for each vertex u ∈ V (Cn), and hence one cannot decrease the second term
∆(G) + 1 of the right side of Eq. (1). A series-parallel graph G has no L-total coloring if
G has a vertex v such that |L(v)| = d(v) = 5, and each neighbor w ∈ N(v) of v satisfies
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d(w)  d(v) and L(vw) = L(v). Thus one cannot decrease the second term d(v) + 1 of
the right side of Eq. (2). Similarly one cannot decrease the third term d(w) + 1.
Theorem 3 holds for series-parallel graphs, that is, partial 2-trees, while it does not
hold for partial 4-trees, because the complete bipartite graph K4,4 is a partial 4-tree but
χt (K4,4) = ∆(K4,4) + 2 = 6.
Theorem 3 above implies the following known result [15]: if G is outerplanar and
|L(x)|  max{5,∆(G) + 1} for each element x ∈ VE(G), then G has an L-total color-
ing.
Considering the case where each list consists of the same ∆ + 1 or ∆ + 2 colors, one
can easily observe that Theorem 3 implies the following corollary.
Corollary 4. The total chromatic number χt (G) of a series-parallel graph G satisfies
χt (G)
{
∆(G) + 2 if ∆(G) 3,
= ∆(G) + 1 if ∆(G) 4.
Any “s-degenerate” graph G, s  1, satisfies χt (G) = ∆ + 1 if either ∆(G) 2s2 [1]
or ∆(G) 4s + 3 [5]. Since a series-parallel graph G is 2-degenerate, χt (G) = ∆(G) + 1
if ∆(G) 8. The corollary above improves this result.
Before presenting a proof of Theorem 3, we present notations and lemmas which will
be used in the proof.
The size of a graph G = (V ,E) is |V | + |E|. We say that a graph G′ is smaller than a
graph G if the size of G′ is smaller than that of G. We denote by G− e the graph obtained
from G by deleting an edge e, and by G−v the graph obtained from a graph G by deleting
a vertex v and all edges incident to v. We denote by N(v) the set of neighbors of v in G.
Since G is a simple graph, d(v) = |N(v)| for any vertex v ∈ V .
Let L be a list of a graph G. Let G′ be a subgraph of G, and let L′ be a list of G′ such
that L′(x) = L(x) for each element x ∈ VE(G′). Suppose that we have already obtained
an L′-total coloring ϕ′ of G′, and that we are going to extend ϕ′ to an L-total coloring ϕ
of G without altering the colors in G′. Let U be the set of all uncolored vertices, that is,
U = V (G) − V (G′). For a vertex v ∈ V (G), we denote by C(v,ϕ′) the set of all colors
that ϕ′ have assigned to v and the edges incident to v in G′, that is,
C(v,ϕ′) = {ϕ′(v)}∪ {ϕ′(vx) | vx ∈ E(G′)}.
Then
(3)∣∣C(v,ϕ′)∣∣= {d(v,G′) + 1 if v ∈ V (G′),
0 if v ∈ U.
Let H be a subgraph of G induced by the set E(G) − E(G′) of all uncolored edges. For
each uncolored edge vw ∈ E(H), let
(4)Lav(vw,ϕ′) = L(vw) −
(
C(v,ϕ′) ∪ C(w,ϕ′)).
Then Lav(vw,ϕ′) is the set of all colors in L(vw) that are available for vw when ϕ′ is
extended to ϕ, and we have
(5)∣∣Lav(vw,ϕ′)∣∣ ∣∣L(vw)∣∣− ∣∣C(v,ϕ′)∣∣− ∣∣C(w,ϕ′)∣∣.
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For each uncolored vertex v ∈ U ⊆ V (H), let
(6)Lav(v,ϕ′) = L(v) −
{
ϕ′(u) | u ∈ N(v) ∩ V (G′)}.
Then Lav(v,ϕ′) is the set of all colors that are available for v when ϕ′ is extended to ϕ. An
Lav-coloring ϕH of H is defined to be a coloring of all elements in U ∪ E(H) such that
(a) ϕH (x) ∈ Lav(x,ϕ′) for each element x ∈ U ∪ E(H);
(b) ϕH (v) = ϕH (w) if v,w ∈ U and vw ∈ E(H);
(c) ϕH (e) = ϕH (e′) if edges e and e′ of H share a common end; and
(d) ϕH (v) = ϕH (e) if v ∈ U and e = vw ∈ E(H).
The vertices in V (H) − U are not colored by ϕH . One can easily observe the following
lemma.
Lemma 5. If H has an Lav-coloring ϕH , then ϕ′ and ϕH can be extended to an L-total
coloring ϕ of G as follows:
ϕ(x) =
{
ϕ′(x) if x ∈ VE(G′),
ϕH (x) if x ∈ U ∪ E(H).
The following lemma proved by Juvan et al. [8] will be used in the proof of Theorem 3.
Lemma 6. Every non-empty series-parallel graph G satisfies one of the following five
conditions (a)–(e) (see Fig. 4):
(a) there is a vertex v of degree zero or one;
(b) there are two distinct vertices u and v which have degree two and are adjacent to each
other;
(c) there are five distinct vertices u1, u2, v1, v2 and w such that N(ui) = {vi,w}, i = 1,2,
and N(w) = {u1, u2, v1, v2};
(d) there are two distinct vertices u and v of degree two such that N(u) = N(v); and
(e) there are four distinct vertices u,v,w and z such that N(u) = {v,w, z} and N(v) =
{u,w}.
Fig. 4. Five substructures in series-parallel graphs.
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In the remainder of this paper, we denote the substructures described in (a), (b), . . . , (e)
of Lemma 6 simply by substructures (a), (b), . . . , (e), respectively.
One can easily prove the following Lemma 7 on Lav-colorings of the graphs in Fig. 5.
Lemma 7. Let H be any of the four graphs in Fig. 5, where all vertices in U are drawn
by solid circles and all vertices in V (H) − U by dotted circles. If |Lav(x)| is no smaller
than the number attached to x in Fig. 5 for each element x ∈ U ∪ E(H), then H has an
Lav-coloring.
We are now ready to give a proof of Theorem 3.
Proof of Theorem 3. Suppose for a contradiction that there exists a series-parallel graph
G which has no L-total coloring for a list L satisfying Eqs. (1) and (2). Assume that G
is the smallest one among all such series-parallel graphs. One can easily observe that G
is connected and ∆(G)  3. By Lemma 6 G has one of the five substructures (a)–(e) in
Fig. 4, and hence there are the following five cases to consider.
Case a. G has a substructure (a).
In this case, there are two distinct vertices v and w in G such that d(v) = 1 and vw ∈
E(G), as illustrated in Fig. 4(a). Let G′ = G−v, and let L′ be a list of G′ such that L′(x) =
L(x) for each element x ∈ VE(G′). Then G′ is a series-parallel graph smaller than G, and
L′ satisfies Eqs. (1) and (2). Therefore G′ has an L′-total coloring ϕ′ by the inductive
assumption. Let H be a subgraph of G induced by the uncolored edge vw. The uncolored
vertex in H is v, and hence U = {v}. In Fig. 4(a) H is drawn by thick lines, the uncolored
vertex v by a thick solid circle and the colored vertex u by a thick dotted circle. By Eq. (2)
|L(vw)|  d(w,G) + 1, and by Eq. (3) |C(v,ϕ′)| = 0 and |C(w,ϕ′)| = d(w,G′) + 1 =
d(w,G). Therefore, by Eq. (5), we have |Lav(vw,ϕ′)|  |L(vw)| − |C(w,ϕ′)|  1, and
hence there is a color c1 ∈ Lav(vw,ϕ′). Since ∆(G)  3, by Eq. (1) we have |L(v)| 
min{5,∆(G)+1} 4, and hence by Eq. (6) |Lav(v,ϕ′)| |L(v)−{ϕ′(w)}| 3. Therefore
there is a color c2 ∈ Lav(v,ϕ′)−{c1}. Thus H has an Lav-coloring ϕH such that ϕH (vw) =
c1 and ϕH (v) = c2. Hence by Lemma 5 ϕ′ and ϕH can be extended to an L-total coloring
ϕ of G:
ϕ(x) =
{
c1 if x = vw,
c2 if x = v,
ϕ′(x) otherwise.
This is a contradiction to the assumption that G has no L-total coloring.
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Case b. G has a substructure (b).
In this case there are two adjacent vertices u and v of degree 2 in G, as illustrated in
Fig. 4(b). Let G′ be a graph obtained from G by deleting edge uv, and let L′(x) = L(x) for
each element x ∈ VE(G′). Then G′ has an L′-total coloring ϕ′ similarly as in Case a. In
this case U = ∅, and H is a subgraph of G induced by the uncolored edge uv. H is drawn
by thick solid and dotted lines in Fig. 4(b). By Eq. (2) we have |L(uv)| 5, and hence by
Eqs. (3) and (5) we have∣∣Lav(uv,ϕ′)∣∣ ∣∣L(uv)∣∣− ∣∣C(u,ϕ′)∣∣− ∣∣C(v,ϕ′)∣∣
= ∣∣L(uv)∣∣− (d(u,G′) + 1)− (d(v,G′) + 1)
= ∣∣L(uv)∣∣− d(u,G) − d(v,G)
 1.
Thus there is a color c ∈ Lav(uv,ϕ′), and hence H has an Lav-coloring ϕH : ϕH (uv) = c.
By Lemma 5 ϕ′ and ϕH can be extended to an L-total coloring of G, a contradiction.
Case c. G has a substructure (c).
In this case there are five distinct vertices u1, u2, v1, v2 and w in G, as illustrated in
Fig. 4(c). Let G′ = G − {u1, u2,w}, and let L′(x) = L(x) for each element x ∈ VE(G′).
Then G′ has an L′-total coloring ϕ′, U = {u1, u2,w}, and H is a subgraph of G induced
by the six uncolored edges wu1,wu2,wv1,wv2, u1v1 and u2v2. H is drawn by thick solid
and dotted lines in Fig. 6(a), and is isomorphic to the graph in Fig. 5(a). For each uncolored
element in U ∪ E(H), we have
(7)Lav(u1, ϕ′) = L(u1) −
{
ϕ′(v1)
}
,
(8)Lav(u2, ϕ′) = L(u2) −
{
ϕ′(v2)
}
,
(9)Lav(w,ϕ′) = L(w) −
{
ϕ′(v1), ϕ′(v2)
}
,
(10)Lav(u1v1, ϕ′) = L(u1v1) − C(v1, ϕ′),
(11)Lav(u2v2, ϕ′) = L(u2v2) − C(v2, ϕ′),
(12)Lav(u1w,ϕ′) = L(u1w),
(13)Lav(u2w,ϕ′) = L(u2w),
(14)Lav(v1w,ϕ′) = L(v1w) − C(v1, ϕ′),
(15)Lav(v2w,ϕ′) = L(v2w) − C(v2, ϕ′).
Fig. 6. Subgraphs H and the lower bounds on |Lav(x,ϕ′)|.
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Since ∆(G)  d(w,G) = 4, by Eq. (1) we have |L(u1)|  5 and hence by Eq. (7)
|Lav(u1, ϕ′)|  4. Similarly, we have |Lav(u2, ϕ′)|  4. Since ∆(G)  4, by Eq. (1) we
have |L(w)| 5 and hence by Eq. (9) |Lav(w,ϕ′)| 3. By Eq. (2) we have |L(u1v1)|
d(v1,G) + 1, and hence by Eq. (10)∣∣Lav(u1v1, ϕ′)∣∣ d(v1,G) + 1 − (d(v1,G′) + 1)= 2.
Similarly, we have |Lav(u2v2, ϕ′)|  2, |Lav(v1w,ϕ′)|  2 and |Lav(v2w,ϕ′)|  2. By
Eq. (2) we have |L(u1w)|  5 and hence by Eq. (12) |Lav(u1w,ϕ′)| = |L(u1w)|  5.
Similarly we have |Lav(u2w,ϕ′)| 5. The number attached to each element x ∈ U ∪E(H)
in Fig. 6(a) is the lower bound on |Lav(x,ϕ′)|. By Lemma 7 H has an Lav-coloring ϕH , and
hence by Lemma 5 ϕ′ and ϕH can be extended to an L-total coloring of G, a contradiction.
Case d. G has a substructure (d).
In this case there are four distinct vertices u,v,w and z in G as in Fig. 4(d). Let G′ =
G − u − v, and let L′(x) = L(x) for each element x ∈ VE(G′). Then G′ has an L′-total
coloring ϕ′, U = {u,v}, and H is a subgraph of G induced by the four uncolored edges
uw,uz, vw and vz. H is drawn by thick solid or dotted lines in Fig. 6(b) and (c). For each
uncolored element in U ∪ E(H), we have
(16)Lav(u,ϕ′) = L(u) −
{
ϕ′(w),ϕ′(z)
}
,
(17)Lav(v,ϕ′) = L(v) −
{
ϕ′(w),ϕ′(z)
}
,
(18)Lav(uw,ϕ′) = L(uw) − C(w,ϕ′),
(19)Lav(uz,ϕ′) = L(uz) − C(z,ϕ′),
(20)Lav(vw,ϕ′) = L(vw) − C(w,ϕ′),
(21)Lav(vz,ϕ′) = L(vz) − C(z,ϕ′).
Since ∆(G) 3, there are the following two cases to consider.
Subcase d-1. ∆(G) = 3.
In this case d(w,G) 3 and d(z,G) 3, as illustrated in Fig. 6(b). Since ∆(G) = 3,
by Eq. (1) we have |L(u)| 4 and hence by Eq. (16) |Lav(u,ϕ′)| 2. Similarly we have
|Lav(v,ϕ′)| 2. Clearly d(w,G′) = d(w,G)−2, d(w,G)∆(G) = 3, and |L(uw)| 5
by Eq. (2). Therefore by Eqs. (3) and (18) we have∣∣Lav(uw,ϕ′)∣∣ 5 − (d(w,G′) + 1)= 5 − (d(w,G) − 1) 3.
Similarly we have |Lav(uz,ϕ′)| 3, |Lav(vw,ϕ′)| 3 and |Lav(vz,ϕ′)| 3. The number
attached to each element x ∈ U ∪E(H) in Fig. 6(b) is the lower bound on |Lav(x,ϕ′)|. By
Lemma 7 H has an Lav-coloring ϕH , and hence by Lemma 5 ϕ′ and ϕH can be extended
to an L-total coloring of G, a contradiction.
Subcase d-2. ∆(G) 4.
Since ∆(G) 4, by Eq. (1) we have |L(u)| 5 and hence by Eq. (16) |Lav(u,ϕ′)| 3.
Similarly, we have |Lav(v,ϕ′)| 3. By Eq. (2) we have |L(uw)| d(w,G)+1, and hence
by Eqs. (3) and (18)∣∣Lav(uw,ϕ′)∣∣ ∣∣L(uw)∣∣− (d(w,G′) + 1) d(w,G) + 1 − (d(w,G) − 1)= 2.
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Similarly we have |Lav(uz,ϕ′)| 2, |Lav(vw,ϕ′)| 2 and |Lav(vz,ϕ′)| 2. The number
attached to each element x ∈ U ∪E(H) in Fig. 6(c) is the lower bound on |Lav(x,ϕ′)|. By
Lemma 7 H has an Lav-coloring ϕH , and hence by Lemma 5 ϕ′ and ϕH can be extended
to an L-total coloring of G, a contradiction.
Case e. G has a substructure (e).
In this case there are four distinct vertices u,v,w and z in G, as illustrated in Fig. 4(e).
Since ∆(G) 3, there are the following two subcases to consider.
Subcase e-1. ∆(G) = 3.
In this case d(w,G)  3, as illustrated in Fig. 6(d). Let G′ = G − v − uw, and let
L′(x) = L(x) for each element x ∈ VE(G′). Then G′ has an L′-total coloring ϕ′. Decolor
vertices u and w in ϕ′, and let ϕ′ be the resulting coloring of G′ in which u and w are not
colored. Since ∆(G) = 3, either d(w,G) = 2 or d(w,G) = 3. We assume d(w,G) = 3.
(The proof for the case of d(w,G) = 2 is similar.) Let w′ be the vertex adjacent to w in
G′. In this case U = {u,v,w} and H is a subgraph of G induced by the three uncolored
edges uv, vw and wu. H is drawn by thick solid lines in Fig. 6(d), and is isomorphic to
the graph in Fig. 5(d). For each edge in E(H), we have
(22)Lav(uv,ϕ′) = L(uv) −
{
ϕ′(uz)
}
,
(23)Lav(vw,ϕ′) = L(vw) −
{
ϕ′(ww′)
}
,
(24)Lav(uw,ϕ′) = L(uw) −
{
ϕ′(uz),ϕ′(ww′)
}
.
In this subcase, for each vertex x ∈ U we define
Lav(x,ϕ
′) = L(x) − {ϕ′(y),ϕ′(xy) | y ∈ N(x) ∩ V (G′)},
then
(25)Lav(v,ϕ′) = L(v),
(26)Lav(u,ϕ′) = L(u) −
{
ϕ′(z), ϕ′(uz)
}
,
(27)Lav(w,ϕ′) = L(w) −
{
ϕ′(w′), ϕ′(ww′)
}
.
By Eq. (1) we have |L(v)| 4, and hence by Eq. (25) |Lav(v,ϕ′)| 4. By Eq. (1) we have
|L(u)| 4 and hence by Eq. (26) |Lav(u,ϕ′)| 2. Similarly, we have |Lav(w,ϕ′)| 2. By
Eq. (2) we have |L(uw)| 5 and hence by Eq. (24) |Lav(uw,ϕ′)| 3. Similarly we have
|Lav(uv,ϕ′)| 4 and |Lav(vw,ϕ′)| 4. The number attached to each element x ∈ VE(H)
in Fig. 6(d) is the lower bound on |Lav(x,ϕ′)|. By Lemma 7 H has an Lav-coloring ϕH .
Therefore one can extend ϕ′ and ϕH to an L-total coloring ϕ of G:
ϕ(x) =
{
ϕH (x) if x ∈ U ∪ E(H),
ϕ′(x) otherwise.
This is a contradiction.
Subcase e-2. ∆(G) 4.
Let G′ = G − v, and let L′(x) = L(x) for each element x ∈ VE(G′). Then G′ has an
L′-total coloring ϕ′, U = {v} and H is a subgraph induced by the uncolored edges uv
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and vw. By Eq. (2) we have |L(vw)| d(w,G) + 1, and hence∣∣Lav(vw,ϕ′)∣∣ ∣∣L(vw)∣∣− ∣∣C(w,ϕ′)∣∣= ∣∣L(vw)∣∣− (d(w,G′) + 1)

(
d(w,G) + 1)− d(w,G) = 1.
Thus there is a color c1 ∈ Lav(vw,ϕ′). By Eq. (2) we have |L(uv)| 5, and hence∣∣Lav(uv,ϕ′)∣∣ ∣∣L(uv)∣∣− ∣∣C(u,ϕ′)∣∣= ∣∣L(uv)∣∣− (d(u,G′) + 1)
 5 − d(u,G) = 2.
Thus there is a color c2 ∈ Lav(uv,ϕ′) − {c1}. By Eq. (1) we have |L(v)| 5, and hence∣∣Lav(v,ϕ′)∣∣= ∣∣L(v) − {ϕ′(u),ϕ′(w)}∣∣ 3.
Therefore there is a color c3 ∈ Lav(v,ϕ′) − {c1, c2}. Thus H has an Lav-coloring
ϕH (x) =
{
c1 if x = vw,
c2 if x = uv,
c3 if x = v.
Therefore by Lemma 5 ϕ′ and ϕH can be extended to an L-total coloring of G, a contra-
diction. 
4. Linear algorithm
Our proof of Theorem 3 is constructive, and hence immediately yields the following
recursive algorithm to find an L-total coloring of a given series-parallel graph G if L
satisfies Eqs. (1) and (2). One may assume without loss of generality that both Eqs. (1)
and (2) hold in equality; otherwise, delete an appropriate number of colors from each
list.
Algorithm Color (G,L)
Step 1. Find one of the substructures (a)–(e) contained in G;
Step 2. Construct appropriate subgraphs G′ and H according to the found substructure;
Step 3. Find recursively an L′-total coloring ϕ′ of G′;
Step 4. Find an Lav-coloring ϕH of H ; and
Step 5. Extend ϕ′ and ϕH to an L-total coloring of G.
In the remainder of this section we show the algorithm takes linear time. Since G =
(V ,E) is a series-parallel simple graph, |E| 2n− 2. Let l(G) =∑x∈VE(G) |L(x)| be the
total list size. Then the input size is N = n + |E| + l(G), where n = |V |. Since Eq. (2)
holds,
(28)
∑
u∈V
d2(u) 2
∑
e∈E
∣∣L(e)∣∣ 2l(G) = O(N).
We show that the algorithm takes time O(N), as follows.
X. Zhou et al. / Journal of Discrete Algorithms 3 (2005) 47–60 59
We represent a graph G by adjacency lists. One may assume that the set⋃x∈VE(G) L(x)
of colors is totally ordered. For each element x ∈ VE(G), we store the colors L(x) in a
linked list in increasing order. This can be done in time O(N) by the radix sorting [2]. We
next analyze the computation time of steps 1–5.
Clearly each of steps 1–5 is executed at most n + |E| 3n − 2 = O(n) times.
Each vertex in the substructures (a)–(e) is within distance 2 from a vertex of degree at
most 2 through a vertex of degree at most 3. Therefore, all the executions of step 1 can be
done total in time O(n) by a standard bookkeeping method to maintain the degrees of all
vertices together with all paths of length two with an intermediate vertex of degree two.
Since the size of H is O(1), one execution of step 2 can be done in time O(1). Since
step 2 is executed O(n) times, the total execution time of step 2 is O(n).
In step 3 the algorithm recursively calls Algorithm Color for a smaller graph G′ to find
an L′-total coloring ϕ′ of G′. Clearly the total execution time of step 3 other than the time
required for recursive calls is O(n).
For each vertex u in G′, we store the colors in set C(u,ϕ′) in increasing order in a linked
list. In step 4 the algorithm finds a set Lav(e,ϕ′) of colors available for each edge e =
vw ∈ E(H). This can be done in time O(|L(e)|) by simultaneously traversing three linked
lists C(v,ϕ′), C(w,ϕ′) and L(e), because |C(v,ϕ′)| = d(v,G′)  d(v,G)  |L(e)| and
|C(w,ϕ′)| = d(w,G′)  d(w,G)  |L(e)| by Eq. (2). Hence one can find Lav(e,ϕ′) for
all edges e in H in time O(
∑
e∈E(H) |L(e)|) = O(l(H)). Similarly, one can find Lav(u,ϕ′)
for all vertices u in H in time O(
∑
u∈V (H) d(u,G)), because |C(u,ϕ′)|  d(u,G), and
Eq. (1) holds in equality and hence |L(u)| 5. For each vertex u ∈ V (H) there is an edge
e ∈ E(H) incident to u, and hence ∑u∈V (H) d(u,G) = O(∑e∈E(H) |L(e)|) = O(l(H)).
Clearly an Lav-coloring ϕH of H can be found in time O(l(H)). All subgraphs H ’s are
edge-disjoint, but are not always vertex-disjoint with each other. However, the same vertex
u is contained in at most d(u,G) of all subgraphs H ’s. Therefore, by Eq. (28), the total
execution time of step 4 is bounded by
∑
H l(H) l(G) +
∑
u∈V d2(u,G) = O(N).
In step 5 the algorithm extends ϕ′ and ϕH to an L-total coloring ϕ of G. For each
vertex u of G′ to which an edge of H is incident, the ordered color lists C(u,ϕ′) and
C(u,ϕH ) must be merged to a single ordered color list C(u,ϕ). This can be done total in
time O(l(H)). One can update Lav(u,ϕ′) to Lav(u,ϕ) in time O(1) for any vertex u in H ,
because |L(u)| 5. Thus one execution of step 5 can be done in time O(l(H)), and hence
the total execution time of step 5 is O(N).
Thus the algorithm takes time O(N).
5. Conclusions
In this paper we first show that both the list edge-coloring problem and the list total col-
oring problem are NP-complete for series-parallel graphs or outerplanar graphs. We then
obtain a sufficient condition for a series-parallel graph G to have an L-total coloring. We
finally give a linear algorithm to find an L-total coloring of G if L satisfies the condition.
The algorithm finds an ordinary total coloring of G using the minimum number ∆ + 1 of
colors in time O(n∆) if ∆ 4. It is remaining as an open problem to improve the compu-
tation time O(n∆).
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